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Abstract

We introduce the concepts of local spectral and walk dimension for
fractals. For a class of finitely ramified fractals we show that, if the Laplace
operator on the fractal is defined with respect to a multifractal measure,
then both the local spectral and walk dimensions will have associated non-
trivial multifractal spectra. The multifractal spectra for both dimensions
can be calculated and are shown to be transformations of the original
underlying multifractal spectrum for the measure, but with respect to the

effective resistance metric.

1 Introduction

Multifractal analysis was introduced in the physics literature (see for example
[10]) to provide a finer description of fractal phenomena which displayed a range
of power law scalings. A mathematically rigorous version has been developed

in a number of papers, see for example [5], [6], [1], [17], [18]. We give a brief
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discussion. The local dimension of a measure y at a point = in some fractal set
K is defined to be, if the limit exists,

1 B
dimype(x) = lim 70g,u( r(@)
r—0 logr

)

where B,.(z) is a ball of radius r about z. The sets of interest in multifractal
analysis are F, = {z € K : dimy,.(z) exists and equals a}. The multifractal
spectrum is then defined to be the function f(a) = dim(E,), for some notion
of dimension. A multifractal formalism has been developed which relates the
function f(«a) to the Legendre transform of the moment sums of the measure.

Analysis on fractals has shown that there are other ‘dimensions’ which have
an essential role to play in the study of the Laplace operator on a fractal. We will
consider firstly the spectral dimension ds (or fracton dimension), which char-
acterises the scaling in the eigenvalue counting function, N(x), for the Laplace
operator on the fractal, in that

0= N

This definition shows that the spectral dimension is a global property of the
fractal set (for a discussion of the behaviour of this counting function see [16]).
Secondly we tackle the walk dimension d,,, the scaling exponent for the mean
square displacement of a diffusing particle (see [13] for a physical discussion).

We will define local versions of these dimensions for a Laplace operator
with respect to a self-similar measure and develop a corresponding multifractal
analysis for a class of finitely ramified fractals. In order to give the spectral
dimension a local interpretation we use the short time asymptotics of the heat
kernel at a particular point in the fractal. Let P; be the transition semigroup
generated by the Laplace operator on the fractal. This has a density (the heat
kernel) with respect to the self-similar measure, denoted by p:(z,y). If we
consider the diagonal of this density, then, in the case of fractals such as the
Sierpinski gasket, when the self-similar measure is the Hausdorff measure, it is

known that there exist constants 0 < ¢, co such that,
et~ %/2 < pi(z, ) < cot™ %2 forall 0<t< 1, z€ K.

If the set does not have as many symmetries as the Sierpinski gasket, or the

Laplace operator is defined with respect to a measure which has a non-trivial



multifractal spectrum, the exponent in these upper and lower bounds may de-
pend on the particular point x. This leads to the idea of the local spectral
dimension, defined (when it exists) as
ds(x) :ltiﬁ)l ngllj:)(;;’@. (1.1)
Note that as the Laplace-Stieltjes transform of the eigenvalue counting measure
is the trace of the heat semigroup there is a relationship between the global
spectral dimension and the local spectral dimension.
To define the local walk dimension, we will consider T (), the time taken
for the diffusion, whose infinitesimal generator is the Laplace operator (with
respect to the self-similar measure) on the fractal, to exit B,.(z). Then the local

walk dimension is defined to be (when it exists),

. IOg E® (TBT(m))
(@) = lim B, (1.2)

As in the case of the usual multifractal analysis we can ask about the dimen-

sion of the subsets of the fractal for which there is a particular local spectral or

walk dimension. Let
Jy ={z € K : ds(x) exists and equals 7}, (1.3)

and define the multifractal spectrum for the local spectral dimension to be
g(v) = dimpg (J,), where we denote the Hausdorff dimension by dimy. For the

local walk dimension we can consider sets
W, ={z € K : d,(x) exists and equals v}, (1.4)

and define the corresponding multifractal spectrum to be h(y) = dimg(W5).
In this paper we will consider a class of finitely ramified fractals, called p.c.f.
self-similar sets and show that both of these multifractal spectra are well defined.
A p.cf. self-similar set K consists of a triple (K, S, {Fs}scs) where each Fj is
a contraction map on K such that K = U;cgF;(K) and S = {1,2,---,N} is a

set of indices for the contraction maps. Typical examples are as follows.

Example 1.1 (1) Line segment:

K =10,1]; S={1,2}; Fi(z) =x2/2, Fy(z) =z/2+1/2 (x€R).



(2) Sierpinski gasket:

K = 2-dimensional Sierpinski gasket (Figure 1); S ={1,2,3};
Fi(z)=2/2, Fo(x) = (x—a)/2+a, F3(z) = (z—b)/2+b (z€R?,

where we set a = (1,0), b= (1/2,4/3/2). Similarly, the n-dimensional Sierpin-
ski gasket is a p.c.f. self-similar set.
(8) Tree-like set:

K = Figure 2; S ={1,2}; Fi(z) = Bz, Fa(z) = (1 - |8|)z+|8]* (z€C),

where we set B such that || <1, |1 — 8] <1 and Im B # 0.

Figure 1 here Figure 2 here

Figure 1: Sierpinski gasket Figure 2: Tree-like set

We will show that the above multifractal spectra can be obtained as simple
transformations of the multifractal spectrum (in the resistance metric) of the
underlying measure.

Let p be a Bernoulli measure on the fractal with scale factors {y; : >, i =
1} which has a multifractal spectrum f(a). Our main result, Theorem 3.4,
shows that if the Laplace operator with respect to p is constructed from a
regular harmonic structure, then the multifractal spectrum of the local spectral

dimension is given by

9(7) = f(=——) for € Supp(f). (1.5)

v
2—v 2—v
We note that for p.c.f. fractals with regular harmonic structure the local spectral

dimension is always less than 2. We also show in Theorem 4.1 that under the



same assumptions the multifractal spectrum for the local walk dimension is
given by
h(v) = f(y—1) for v—1 € Supp(f). (1.6)

The multifractal analysis of the exponents for more general fractals and non-
regular p.c.f. fractals will be treated in [11]. The techniques that we use here are
a simple extension of those used in the usual multifractal analysis of measures
coupled with precise local estimates on the heat kernel.

We can relate the multifractal spectra g,h to the scaling in the moment
measures. If the harmonic structure is regular with resistance scale factors

pi > 1 (for all i € S), we can define §(q) as the unique real number such that
> ulp 0 =1, (1.7)

The multifractal spectrum of the measure (in the resistance metric) is given by
a Legendre transform f(«) = infy{5(¢) + aq}. The multifractal spectra for the
spectral and walk dimensions can also be obtained by taking a suitable Legendre
transform of S and these results are given in Theorems 3.4 and 4.1.

Note that by the Einstein relation (see [13]) dy, = dy + d,, where d, is a
resistance exponent, hence in the resistance metric we anticipate that d,, =
dy + 1. However, at the local level there exist points x such that d,(z) #
d¢(z) + 1. The relationship between the spectral, walk and fractal dimensions
is that d,/2 = dy/d,, and this shows heuristically why the transformations are
of the above form.

For the case of the line segment (Example 1.1 1)), our main result can be
explained as follows. For 0 < p < 1, let u be a Bernoulli measure on [0, 1]
such that u(F;, o---F; ([0,1])) = w4, -+ pq, for all iy, -4, € {1,2} where
u1 = p, po = 1 — p (this measure is called the de Rham p-measure). When
p = 1/2, it is the Lebesgue measure on [0, 1]. Let X; be a diffusion process which
corresponds to the self-adjoint operator %% on L2([0, 1], ). This process can
be considered as a (singular) time changed Brownian motion on [0, 1]. Define
the local spectral dimension and the local walk dimension for this process as in
(1.1),(1.2), and set J.,, W, as in (1.3), (1.4). Using the moment scalings we can

set
_ log (p? + (1 —p)?)
log 2

B(q)

)



(from (1.7) with p; = p2 = 2) and find an explicit formula for the multifractal

spectrum of the de Rahm p-measure,

—log((1—p)2~ — log((1—p)2%) \py— —log((1—p)2°
(o) BTG+ (i)™ | lor( ity )

log 2 “Tlogp/(1=p)
where 1 = log(p)/log(p/(1 — p)). Using the transformation of f in (1.5), (1.6)

we have explicit formulas for g, h and

dimHJ,Y = g('y) V0, dimHW,Y = h(’y) Vv 0.

Here dimpy is the Hausdorff dimension with respect to the resistance metric
(which is equivalent to the Euclidean metric in this case). When p = 1/2,
g(v) V0 = 61() and h(y) V0 = d2(7), which agrees with the fact that ds, =
1,d,, = 2 for Brownian motion. The main point of our result is that when
p # 1/2, the local behavior of dy(x) and d,(x) are highly dependent on x
and we can describe some of this dependence through the multifractal analysis
presented here.

The paper is organized as follows. In Section 2 we introduce the class of
fractals that we will consider and define their Laplace operators and diffusion
processes via Dirichlet forms. We also state some transition density estimates
which we discuss in more detail in the appendices. The result for the local
spectral dimension is given in Section 3 and for the local walk dimension in

Section 4.

2 Dirichlet forms on p.c.f. self-similar sets and

their heat kernel estimates

In this section, we briefly introduce p.c.f. self-similar sets, an abstract formula-
tion of finitely ramified fractals. We also introduce their Dirichlet forms, as there
is a one to one correspondence (under some conditions) between the Dirichlet
forms and the diffusion processes and Laplace operators on these sets. Finally
we will state on-diagonal transition density estimates for the associated diffu-
sion process. For more details and discussions of these sets we refer the reader
to [14], [2]. Readers who are not familiar with this kind of abstract setting may

just consider the concrete examples indicated in Example 1.1.



We first introduce the notion of a self-similar structure.

Definition 2.1 Let K be a compact metrizable space and for each s € S =
{1,2,---,N}, let Fs : K — K be a continuous injection. The triple L =
(K, S,{Fs}ses) is said to be a self-similar structure on K if there exists a con-
tinuous surjection m: SN — K such that 106, = Fy o for every s € S. Here

Gs: SN — SN s defined as 5,w = sw.

In this paper, for each w € SN we denote the i-th element in the sequence by w;
and write w = wjwows - - -. For w € S", we write F, = Fy,, 0 Fy,0---0F, and
K, = F,(K). In particular, Ky = F,(K) for s € S. Note that an iterated
function system and its invariant set (see [6], p 29) is a self-similar structure in
the sense of Definition 2.1 by taking m(w) = Np>1Fy, 0 Fy, 0---0 Fy, (K) .

Definition 2.2 Let £L = (K, S,{Fs}secs) be a self-similar structure on K. The
critical set of L is defined by C(L) = 771 (Ustes s2t(Ks N K)) and the post
critical set of L is defined by P(L) = U,>10"(C(L)).

L is called post critically finite (p.c.f. for short) if P = P(L) is a finite set.

Thus P is the set of addresses of all pre-images of intersection points and, as
this is finite, we see that p.c.f. self-similar sets correspond roughly to the class
of finitely ramified fractals as used in the physics literature. Throughout the
paper we will only consider the p.c.f. self-similar sets which are connected. For
m > 0, let

P = UyesmwP, Vi =m(P™) and Vi =Up>oVin.

Thus V,,, is a set of points approximating the fractal and Vj is the boundary of
the fractal. Let u be a self-similar measure on K with u(F;(K)) = p; > 0 for
i € S where pu; satisfies ). p; = 1.

In [14], one of the authors introduced the notion of p.c.f. self-similar sets and
constructed local regular Dirichlet forms (€, F) on them. In order to construct a
Dirichlet form, the existence of a regular harmonic structure was assumed. That
is the existence of a non-degenerate fixed point for a non-linear renormalization
map. There are many fractals which satisfy this assumption (typical examples

are those in Example 1.1). We will make this assumption for p.c.f. self-similar



sets and introduce the results we need concerning the basic properties of their
Dirichlet forms.

The resistance R(p,q) between points p,q € K can be defined using the
Dirichlet form (€, F), by

R(p,q) = (nf{E(f,f): f(p) =0, f(a) = 1}) ",

where we set inf ) = oo. The function R(,-) determines a metric, which we call

the (effective) resistance metric, on K.

Theorem 2.3 ([14],[15])  There exists a local regular Dirichlet form (€, F)
on L2 (K, 1) which has the following property:

|f(p)_f(q)|2SR(p,q)g(fvf) fO?" fefv pvquv (21)

N
E(f.9) = pif(foFigoF) for f.g€F, (2.2)
=1

where p; > 1 (i € S). Further, if we set Egy(-,-) = E(-,-) + B, L2k, for
B > 0, then, £y admits a positive symmetric continuous reproducing kernel

gé((v)

It is not difficult to show the following approximate scaling property

210 R(p,q) < R(Fy(p), Fu(q)) < 220y R(p,q), (2.3)

for all p,q € K, w € 8™, m > 0 for some constants cs.1,c2.0 > 0. Here and in
the following, we will write py, = puw, Pws = * Pw,, fOr W = Wiws - - Wy,

For the cases of Example 1.1, one can construct Dirichlet forms satisfying
(2.1) and (2.2) with the following p;’s. 1) line segment: p; = py = 2. (The
classical Dirichlet integral £(f,g) = 3 fol V f(z)Vg(z)dz together with the clas-
sical Sobolev space with the Neumann boundary condition is the corresponding
Dirichlet form.) 2) Sierpinski gasket: p; = 5/3, i € {1,2,3} ( see [14]). 3)
Tree-like set: p; = 1/a, p2 = 1/(1 —a?) for any 0 < o < 1 ( see [14]).

We now give a rough outline of the construction of the Dirichlet form. The
first step is to construct a sequence of Dirichlet forms &, on [(V,,,) = {f : Vi, —
R} which has a consistency property and is monotone increasing w.r.t. m (this

is a form of decimation invariance and follows from our fixed point assumption).



The limit (€, F) is then defined firstly as a form on (V) by

F {fel(Vi): 77}i_f)noo53n(f|vm7f|vm) < oo},
E(f.9) = lim Enlflv,,glv,) for f.geF,

and then, using the metric R, F is embedded into the space of continuous func-
tions on K. It can be shown that this is a subspace of L2(K, u) for any Borel
measure u. The Laplace operator can then be obtained from the Gauss-Green
formula. For more details see [14] and [15]. We remark again that there is a one
to one correspondence between local regular Dirichlet forms and diffusion pro-
cesses (up to quasi-everywhere starting point), [9]. The corresponding diffusion

process {X*(t)} (x € K is the starting point) has the following self-similarity
property,

XF@ (/) L F(X7(t) for z€ K, i€S, 0<t<inf{s>0:X"(s) €V},

where t; = p;/p; and X 4 Y means X and Y have the same law.

In [4], one of the authors obtained estimates on the short time behaviour
of the transition density of the diffusion corresponding to (€, F) on L2(K, ).
(Note that the transition density is the fundamental solution of the heat equa-
tion). Here we state part of this result; more details can be found in Appendix
A and B. Let i be any Bernoulli measure on K so that f(F;(K)) = fi; (i € S)
and [1(Vp) = 0 where fi; > 0 satisfies >, fi; = 1. Also define d,(j1)/2 as follows,

. 2 filog(1/pi)
ds(1)/2 = S+—"F""%. 2.4
/ 22 frilog(pi/ i) &4
Theorem 2.4 ([4]) There exists a jointly continuous heat kernel pi(z,y) of
(&, F) on L%(K, ) such that

o log p¢(z, x)

t—0 1Ogt = 7d5(:u)/2 f07” p-a.e. r € K.



3 Multifractal structure of the local spectral di-

mension

3.1 The multifractal analysis of self-similar measures

In this subsection, we recall the usual multifractal analysis of self-similar mea-
sures in the context of p.c.f. self-similar sets with regular harmonic structures.
See Section 11 of [6] for a description of the idea of multifractal analysis. In [6]
(also in Theorem 3.2 of [5]), a strong separation condition is assumed on K and
the objects treated are Cantor like sets. However, as in [1], we can work with
the case when the components just touch, by relaxing the strong separation
condition to the so called open set condition, that our p.c.f. self-similar sets
satisfy (the condition in [1] corresponds to the open set condition for determin-
istic self-similar sets). Let B(z,0) = {p € K : R(p,z) < 0} denote the ball of
radius ¢ in the resistance metric and let diamp(A) denote the diameter of the

set A with respect to R. Recall that for each w € S™ we have

c1(pw) " < diamp(Ky) < c2(pw) " and  p(Ky) = fiu,

where we denote py = puw,..w, and fy = fw,...w,. For each ¢ € R, define

B = B(q) as the (unique) real number satisfying

N
S ulp P =1 (3.1)
i=1

Now, define f : [min, ¥max] = R to be the Legendre transform of 3, given by

fla)=_inf {B(q) + ag}, (3.2)

—oo<g<oo

where —amin, —max are the slopes of the asymptotes of the convex function
B. We also assume that log(1/u;)/logp; is not the same for all i € S, as
otherwise the following result (Theorem 3.3) is easy to deduce. In this case 8
is strictly convex and the infimum in (3.2) is attained at a unique ¢ = ¢(«). By

differentiation, this occurs when

_as
a= “d (3.3)

10



so that f(a(q)) = B(q) + agq. Note that if any one of the three quantities
g€ R,8 € R and a € (nin, ¥max) s given, the other two are determined by
(3.1) and (3.3). In particular,

S ndpr " log(1/ )

o - (3.4)
> 1 p; P log p;
We thus see that
I 1 i 1 1 i
Qmin = Min M and  Qpax = max M. (3.5)
i log p; i log p;
For given g and 8 = (q), define a probability measure v on K by
v(Kuw) = 105", (3.6)

for each w € S™, n € N. For each a > 0, define

E, = {zek: lin%)log(u(B(x,r))/logr = a},
r—

. " log(1/ paw,
E. m({w e SN . 1im w =a}),
n—oo 3 i 10g pu,

where 7 : SN — K is the surjection defined in Definition 2.1. By the strong law
of large numbers and (3.4), we have v(E,) = 1. Also, for each z = 7(w) € Eq,

10g(V( Ky o, )) ™"

Jim SEL s = 5(q) + ag = f(ala)) 3.7)
For w € SN, denote w|n = wy - --w,. Let
log(v(B log (1(K yjn)) !
r—0 log r n—00 10g P

and define A, in the same way by changing v to p.
We prepare two basic lemmas for later use. See [1], [5], [6], [11] for the proof.

Lemma 3.1 v(A,) =v(A4,) =1

Lemma 3.2 Let E C K and let p be a finite measure. If u(E) > 0 and there

is a constant a > 0 such that
lir% log u(B(z,7))/logr = a, forallx € E,
r—
then dimyg E = a and p is the Hausdorff measure on E (up to a constant

multiple).

11



We are now ready to explain a theorem on the multifractal analysis of self-
similar measures on p.c.f self-similar sets. In the case when log(1/p;)/log p; is
the same for all i € S (therefore anin = max = o), we will define f(a) =
(dimp K)dq4, (). Then the following holds.

Theorem 3.3 If & € [min, ¥max|, then dimy E, = f(a). If & ¢ [Gmin, @max),
then dimyg E, = 0.

PROOF: For o € (umin, @max), the proof of dimy E, > dimy(E, N E,N A)) =
f(a) is straightforward using (3.7), Lemma 3.1, Lemma 3.2 and the fact v(E,) =
1. dimy E, < f(«) can be proved in the same way as Lemma 4.2 of [1]. The
case & ¢ (Qmin, max) 1S also routine (see, for example, Lemma 4.3 of [1] for

@ ¢ [min, @max] and Theorem 2.14 of [5] for @ € {amin, ¥max})- 1

3.2 The main theorem

In this subsection, we will prove our main theorem on the multifractal structure
of the local spectral dimension for diffusion processes with respect to regular
harmonic structures on p.c.f. self-similar sets. In order to do this we must
consider the set of points with the same local spectral dimension, thus for each
v >0, let

21
sz{xeK:—limngit(x’x): 3. (3.8)

t—0 logt
Also we require a suitable spectrum and for this purpose we extend the multi-
fractal spectrum f for the measure defined in (3.2) to a function f on the real

line by setting

fla) =

_ { fla), « € [omin, ¥max], (3.9)

0, otherwise.

Now define our candidate for the spectrum by g(v) = f(v/(2 —v)). We note

that
2amin 2Oémax

Omin + 1, Omax T 1
where the last inclusion is due to the regularity of the harmonic structure we

Supp g = | ] € (0,2),

assumed in the construction of the Dirichlet form.
We are now ready to state the main result of this paper which provides a

multifractal formalism for the local spectral dimension.

12



Theorem 3.4 1. Let K be a p.c.f. self-similar fractal with a reqular harmonic
structure, then

dimg Jy, =g(y) for v>0.
2. Let 5(q) be defined as the number such that

Z ulp;

The multifractal spectrum is given by

2amin 2O‘max
Qmin + ]-7 Qmax T 1

9(7) = mf{ﬁ()+7q} for vy e ].

As we will see, the proof follows from the standard techniques of multifractal

analysis. We first show the lower estimate. Set y(«) = 2a/(1+«) for each oo > 0
so that g(y()) = f(e).
Proposition 3.5

dimg Jy(q) > f(a)  for a € (Qmin, Omax)-

PrROOF. We consider the measure v constructed from the set of weights {u;}
as in (3.6). Recall that for each given ¢ € R we have (3.4). On the other hand,
if we take ji = v in Theorem 2.4, then, by (2.4), we have

23, 1ip;” log(1/mi)
> MgP;B log(pi/ pi)
Thus, by Theorem 2.4, we have

ds(v) = =2a/(1+ «).

V(J'y(a)) =1.

As Jya) N E,NA, C Jy(a), We obtain dimy J, (o) > dimpg (Jyq) N E,N A)) =
f(a) using Lemma 3.1 and Lemma 3.2. 1

We next show the upper estimate. As mentioned in the last subsection,
a € (Qmin, max) and ~ are determined by ¢ € R. We thus consider a@ =

a(q),v = v(q) as functions of ¢q. For ¢ < 0, set

i 1 QIngt(x,.T)

* - inf = St S

q {.’L‘EK\V mO ,}/(q)}7
S 1 nf Zﬁ—l 1 w;

L
! n—00 Z?:1 log pu,

13



For ¢ > 0, set

_ 21
U, = {zeK\V, :limsup—w (@)},
t—0 logt

m({w e SN : liminfM <

U,
I n—=00 Z?:l log Pw;

Note that the definition of U, uses lim sup, while the other quantities are defined

using the liminf. We now state the upper estimate.

Proposition 3.6 1) For each ¢ <0, dimy L, < dimpy L, < f(a(q)).
2) For each ¢ > 0, dimy U, < dimy U, < f(a(q)).

ProoFr. We first prove 1). Using Proposition B.4, we have

_logpi(w,x) _ > i log(L/ pw,) B
logt = Yo (log(1/pw,) +log pu,)  logt’

for x = F,),,(Zn) € K\ Vi and tl<t<tt

wln wl(n—1)" where we use t; = p;/1; (i €

S). From this estimate, and the fact that v(«) is monotone increasing on R,
we have Eq C L4 and the first inequality holds. The second inequality can be
proved in the same way as Theorem 2.5 in [5].

For 2), using Theorem A.1 1), we have

An(x)

. log pi(x, x) , 1 1

1 —— > 1 — log(1/ i,
e 2 e e, 2 e

v

k
1 * log(1/ pu,
limsup ———— | [ liminf M 7
n—oo 14 ca.2pn(z) k— o0 Zi:l log twi

n

where x = Fy,(Z,) € K\ Vi, win € A, for each n € N. See Appendix A
for the definition of A,, A,(z) and p,(z). The second inequality holds be-
cause, if A, (x) = k, then Z;:ll logty, <n < Zle logty,. Using (A.1), one
can take a subsequence {n;}; such that p,,(z) < L. Thus limsup,,_,. 1/(1 +
ca.2pn(x)/n) = 1. From this, and the fact that vy(«) is monotone increasing on
R, we have Uq C U, and the first inequality holds. The second inequality can
be proved in the same way as Theorem 2.3 in [5] (Theorem 2.3 in [5] is stated
for the limsup, but with a simple modification, the same conclusion holds for
the lim inf). 1

14



PROOF OF THEOREM 3.4. For the first part, we obtain the result for a €
(Qmin, max) by combining Proposition 3.5, Proposition 3.6 and the fact that V,
is a countable set. The case @ ¢ (Qmin, ®max) can be done similarly. The second

part is a simple consequence of the fact that g is a transform of f. ]

Remark 3.7 When K is [0,1]? (d > 1) or the Sierpinski carpet, (which are not
finitely ramified, thus not p.c.f. self-similar sets), we have the following partial
result. For simplicity, we take K = [0,1]¢ (the carpet case is similar, using the
results in [4], [3]). K is a self-similar set in the sense of Definition 2.1 with
{F;}Yies, S={1,2,---,2¢}, V; = 9[0,1]? where the F;’s are affine contractions
on R? with the contraction rate 1 /2. Let &€ be the Dirichlet integral and F the
usual Sobolev space on L?(K,m) (m is the Lebesgue measure). Then (£, F) is
the Dirichlet form on L2(K,m) which corresponds to Brownian motion. This
Dirichlet form has the self-similarity property (2.2) with p; = px = 227¢ for
all i € S. Let u be a self-similar measure on K with pu(F;(K)) = p; > 0 for
i € S where p; satisfies >, u; = 1. In [4] it is proved that, when u; < pg
for all i € S, (€, F) can be a local regular Dirichlet form on L?(K, 1) where F
is naturally defined from F. Note that changing the measure for the Dirichlet
form (to a mutually singular one) corresponds to a (singular) time change for
the associated diffusion process via some positive continuous additive functional
(see Section 5,6 of [9] for details). It is also proved in [4] that Theorem A.1,
Theorem A.2 and Theorem 2.4 hold in this setting.

Instead of the resistance metric (which we do not have in the current set-
ting), we use the Euclidean metric. Accordingly, we must modify the def-
initions slightly. Define 8 = [(¢) as the (unique) real number such that
Z?;l ,u?Q*B(q) = 1, and let amin = min;log(1/p;), max = max;log(1/u;).
Set f, f and J, as in (3.2),(3.9) and (3.8). Let ax = logpk/log2 un-
less px = 1 (when we work with the resistance metric, ax = 1) and define
9(v) = flaxv/(2 —=7)). When px = 1, we define §(y) = (dimy K)da(y). We
then have the following result by the same proof as that of Proposition 3.5.

}.

We cannot obtain the upper estimate for dimg J, because we do not have precise

2amin 2O‘max

)
Qmin + 0K Qmax + 0K

dimg Jy > g(y) for vye Ry \{

enough heat kernel estimates on V,, which is not a countable set. (Note that
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V. is a set of points where at least one of the components is a binary rational.)

i 20min 2amax
For the same reason, we do not have an estimate for v € {amin-s-ax’ po——— }.

4 Multifractal structure of the local walk di-

mension

In this section, we will provide a multifractal formalism for the local walk di-
mension. Let {X[};>0 ek be the diffusion process such that X§ = x, which
corresponds to a Dirichlet form on the p.c.f. self-similar set with a regular
harmonic structure. Let

W, ={z € K :limlog BT, /loge = v},
e—0 ’

where Ty = Ta4(X?) = inf{t > 0 : X} € A°} for each Borel set A and the

metric is the resistance metric. Our main result in this section is the following.

Theorem 4.1 1. Let K be a p.c.f. self-similar fractal with a reqular harmonic

structure, then

dimg W, = f(y—=1) for ~>1.
2. Let (q) be defined as the number such that

>l " =1,

The multifractal spectrum is given by

h(vy) = inf{B(q) + (v —1)g}  for = € [omin+ 1, max +1].

The proof is basically similar to those in Section 3 and we just sketch it.
In the following, we use the notation in Appendix A. Firstly, we will give esti-
mates for the exit time from the neighbourhood of a point. They can be proved

in the same way as Lemma 4.1 in [4] and Lemma 3.5 in [12].
Lemma 4.2 There exists c4.1,cq.2 > 0 such that

E*[Typ,, (o)) < care”" for z€ K, r>0, (4.1)
E*[Typ, () = caze " for ze K\( | J  Da,.(z:), r1>0.(42)

2;€9Dp,. (x)
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Lemma 4.3
v({z = m(w) € K : lim,_,q 28E Tom0

log(u(Kwin)) " _
Togc —o—wlnl 4 1)) = 1.

limmy, o0 10g puw|n

Proor. First, note that by a Borel-Cantelli argument, we have limsup,._,

’I;’—g? < ¢ for v — a.e. z, by choosing ¢; > 0 large enough (this can be proved

in a similar way to Proposition 3.3 of [4]). Thus,

lim Pr()

r—soo T

=0 v —ae. T. (4.3)

Now, using (4.2) and (4.3), the following can be easily deduced (the proof is
similar to that of Theorem 3.1 of [5]),

log E*T'(y.. log(1t(K ypn)) !
lim sup & B(z.¢) < lim sup —g(,u( | )

—= e +1, 4.4
e—0 log € n—00 10g Pw|n ( )

for all x = w(w) € K. On the other hand, we have by the definition of p,(z),
Bz, p; 0" c Dy (z) for ze€ K\Vi, (4.5)

where o € A, is chosen so that K, = Dy, () and p, = min; pi_l < 1. Thus, we
have c¢y1e™" > E*Tp(, ) using (4.1) where € = p;lpﬁr(x). As oty > e >

—1 .
i ", we obtain

1+ log po+log ca logca.1

log E*Tp(zer) —r+logca, logps” " losps’ (4
log € ~ logps ! + pr(x)log pe 1+ 228 og p,
log po
For each e small enough, take r € N so that csp;1p%2 8" < ¢ < p71p%'°8" with

some small ¢z > 0 where o € A,.(z). By the definition of ¢ and (4.3), we have
B(xz,€) C B(x,€') and loge'/loge — 1 as ¢ — 0 for v-a.e. x. Thus, using (4.6),

(4.3) and the above facts, we have

1 E*T x,€ 1 o
liminf —2— 2@ >y inf(—28H 1 1) yoae z=n(o) € K. (47)
e—0 loge lo|—oo "log po

Combining (4.4), (4.7) and the fact v(E,) = 1, we obtain the result. 1

SKETCH OF THE PROOF OF THEOREM 4.1. Using Lemma 4.3, the proof of
dimy W, > f(y—1) is similar to that of Proposition 3.5. Using (4.4) and (4.6),
the proof of dimy W, < f(y — 1) is similar to that of Proposition 3.6. ]
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A Appendix A

In this appendix, we will state the estimates on p;(z, ) obtained in [4]. Let A,
be defined by

Ay ={w=wy - wy € UiZOSi Sty by S €7 <ty v tw, b

As before, for w = wy - - - wg, we abbreviate t,, = Hletwi,pw = Hlepwi ete.
Set Vi, = m(Uwea, wP). For z € K and I > 0, let

Dy, (z) ={C : C is a Aj-complex which contains x},

where a Aj-complex is defined to be a set of the form F,(K), w € A;, and
0Dy, () = (K \ Dy, (z)) N Dy, (x). Now, for z € K \ V., define

pr(z) = inf{k : 2 & Dy, (2)4£(0Da, (7))},

where A,.(z) is a length of the word of the A,-complex to which x belongs. Since
NpDE(A) = Aif A C K is closed, we have p,.(z) < co. For the Sierpinski gasket,
pr(z) = inf{k : Tp (2)41 # A (2)+%}- Let L =max{l: e > (mingegty)'}. Then
pr(x) has the following property.

If pr(m) > L+ 17 then pr+1(x) < pr(x)' (Al)

Theorem A.1 ([4]) There exists a jointly continuous heat kernel pi(z,y)
w.r.t. (€, F) and also constants ca1,...,car > 0 such that the following holds.
1) (Lower estimate) For each € K\V, andt < caie™™ (n' = n+caopn(x)),

cas{n(Da, ()} " < pi(z, 2).

2) (Upper estimate) For each x € K\V, and for each t which satisfies caqe ™ <

m’—ca.glogn’ (

t <case” n' =n+caopn(x), m' = m+ caopm(z), n =n'+

caelogn’) for some m < n,

pi(z,x) <car{  min J7 S

Fu (K)CDp,,, ()

Now, as in Section 2, let ji be any Bernoulli measure on K so that i(F;(K)) =
fi; (i € S) and 1(Vo) = 0 where fi; > 0 satisfies D, ji; = 1.
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Theorem A.2 ([4]) For any [i, there exist constants cas,¢a.9,ca.10 > 0 and
h: K —[0,1] such that

1) h(z) >0 i—ae.,

2) Fort < h(z), if e" (T <t <e ™, then

cao(log %>_CA'S,U(DAH (2))7" < pelz,2) < cao(log %)CA'SM(DA" (z))~".
(A.2)

Theorem 2.4 is now a corollary of this theorem.

B Appendix B

In this appendix, we will introduce a simpler proof of the on-diagonal upper
estimate for the heat kernel of the Dirichlet form on the p.c.f. self-similar set
with regular harmonic structure. The method is to use the self-similarity of the
reproducing kernel. Moreover, this estimate is sharper than that obtained in
Theorem A.1 2). Such argument is based on the Dirichlet-Neumann bracketing
which was used in [8] to obtain the asymptotic behaviour of the eigenvalue
counting function.

For f € I(K), define g; : [(K) = I(K) (1<i<N)by
o f(w)=foF(w) for wekK.

Definition B.1 For 1 <i < N, we define the following.
1) EL (f,9) is a symmetric form on [(F;(Vy,)) defined by

En(f,9) = pi€m(0if,0:9).
2) We define a subspace F; C l(F;(Vy)) by
Fi={fIf €UF(V.),  lim &, (f,f) < oo},
and a symmetric form E° on F; by

£'(f,9)= lim £,(f.9) for fg€Fi
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By definition, o;F; = F. Now, let

Fo = {feF:fly,=0},
F = {fel*K,p):3ficFif

Fo = {feF:fln=0}

Kav, = fi (forallieS)},

Set g(ﬁg) => E'(fi,q) for f,g € F. Then, (S,j:) is a regular local Dirichlet
form on L?(K, u). Note that

FoCc FocC FCF. (B.1)

Let ¢9,9x be the A-order reproducing kernels for (€, Fy), (€, F) respectively.
Also, let §9,gx be the A-order reproducing kernels for (£, Fo), (€, F) respec-
tively. Note that as the harmonic structure is regular, the former kernels are

continuous on K x K and the latter are continuous on U;c s K; X K;.

Lemma B.2 For each z € K\ V1,

93 (@,2) < R, 2) < galz,z) < galx, 2).

PRrROOF. Noting that

1 .
a(z,x) ulenza Ex(uw),

where £, = {u € F : u(z) > 1} (similar formulae also hold for ¢%,¢%, ), we

obtain the result using (B.1). 1

Lemma B.3 Forx € K\ Vi, we have

gg(x,x) = piggik(Fi('r)aFi(x)%
g)\(m,x) = Pigti)\(Fi(x)ﬂFi<x))'
PRrROOF. This can be proved in the same way as [7] Proposition 2.8. 1

Iterating Lemma B.2 using Lemma B.3, we have for wln € S™ and z,, €
K\ Vo,

IN

pw|ng? )\(Fw\n(fz'n)v Fw\n(i'n))

w|n

pw|ngtw|n)\(Fw\n(in)v Fw\n(in)) < g)\(fn, i'n) (BQ)

gg(fmfn)

IN
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On the other hand, for z € K\ Vi and A > 1, take n so that t,m—1) < A <ty
where w|n € S™ is the first n letters of the word labeling the complex which x

belongs to. Taking
dg(z) = 21og(1/ pruwn)/ 108 twn,

(thus 1 — d¢(x)/2 = 1og pyn/ log ty|n,) We have, by our choice of A, that

CLPwl(n=1) Gt (2, %) < ATEE 205 (@,2) < pujngry o (@, 2),

for some ¢; > 0 independent of x,n. If we write x = Fy,|, (%) and apply (B.2)
with A =1 to both sides of the above inequality, we have

290 (Tn, Tn) < NTE @20, (2,0) < 391 (Tn1,Tn—1) < ca, (B.3)
where ¢4 = c3 maxgzex ¢1(z, x).

Proposition B.4 There exists cp.1 > 0 such that if © = F,),,(%,) € K\ V.
and 7} <t<tl . then

wln — w|(n—1)

pi(z,x) < cpt~ @72,

=Xt

PROOF. As gx(z,z) = [, e

0 pt(x, x)dt, we have

d»(z)/2—1 RV 1—e e
B > g (0,2) 2 paleya) [ el = paf0)
0
where we apply (B.3) for the first inequality and the monotone decreasing prop-

erty of p; in the second inequality. Taking a = A~! = ¢, we obtain the result. g

Note that the argument in this section works only for the processes that have
bounded reproducing kernels. Unfortunately, the proof of the lower estimate
cannot be simplified by this method (see [4], [15] for the methods of the lower

estimate).
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