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1 Introduction

Let Vj, .= k~1Z¢.

(Q1) Given a ‘nice’ Hunt process X on R? can one approximate X

by a suitable family of Markov chains X * on V},?
(Q2) Given a family of Markov chains X*) on V},, when does

X ®) converge weakly to a ‘nice’ Hunt process X as k — 00?

To answer the questions when X ) contains ‘big jumps’.



e A RAUEE (k) _ 150K ¢ (k) .
Diffusion case  Case 0: {§;};: ii.d., X" =1 ;=& Then X} — By BM.

Case 1: Non-divergence form (Stroock and Varadhan’s book Chap. 11)

Weak convergence of some non-symmetric chains to a diffusion corresponding to
d

Lf)=Y ay) axﬁ% +Zb &m

1,7=1 1=1

(ai;(+), bi(+): "regular enough”) Key: Well-posedness of martingale problem.

Case 2: Divergence form (Stroock-Zheng ('97, Ann. THP.))

Weak convergence of some symmetric chains to a diffusion corresponding to

0 o,
= %: a—%(aij<x>a—xj>f<x>'
(a;;(+): m'ble, unif. elliptic) Key: Apriori estimates for solutions of heat equations

(Discrete version of the De Giorgi-Moser-Nash theory. )



e Stroock-Zheng (97, Ann. THP.): Markov chain approximations to symmetric diffusions
CF(-,) : S x S\ A — R, conductance (i.e. C*(z,y) = C*(y, x)) satisfying

CHx,y) =0 if |z —y| >3 Ry/k (finite range),  (1.1)

lim sup  sup  |CFx,z +1) = CF(y,y +1)| =0 (regularity). (1.2)
E e, WIS lo—yl <Ro/k

CHla,y) > 1 if |z —y|=1/k, sup Z CH(x,y) < oo. (1.3)
Toyes;
Let {V,"},: MC with transition prob. chfé)y), exp. holding time (parameter k~2).
y Y

ap(z) = Z CF(x,e/kle@e for z €S,

ecZd



and assume Ja : RY — R? @ R? such that

kh_)rgo /xq lar([x]x) — a(x)|de =0 Vr >0,
where x|, = ([kx1]/k, [kxo| [k, . . . [kxq] k).
Obtain

(a) Weak convergence of {Y;(k)}t to a divergence form under (1.1)-(1.4), (Ans. (Q1))

(b) discrete approx. of divergence forms by symmetric MC’s. (Ans. (Q2))

We consider the following cases:
e Limit process is a process associated with div. form + (possibly) jumps,

e Limit process is a pure jump process.

(1.4)



2 Divergence form+ jumps

e Bass-K (08 TAMS): Instead of (1.1) and (1.2), assume

Sup sup (kzz lyPCW (z, z + y)) < 00,

k SIZGVk yEVk

and answer (Q2). (Rem: (Q1) can be done by S-Z.)
o Bass-[-Uemura ('10 PTRE): Instead of (1.1) and (1.2), assume

SUp sup <k2 Z (1A [y C® (2, 2 + y)) < 00,

k SCGVk yEVk

and answer (Q2) [convergence to a divergence form-+jump part].

Key: apriori estimates for solutions of heat equations

(Discrete version of the De Giorgi-Moser-Nash theory with jumps).



2.1 Tightness and heat kernel estimates

Cr(-,-): S x S\ A — R, is a conductance (C*(x,y) = C*(y, x)). Assume
(A1) dey, co > 0 independent of k such that

o < V= Z CHx,y) <c, forall z €S,
yeS),

(A2) AMy > 1,6> 0 (indep. of n) s.t. the following holds:
Vo,y € S, with |x —y| =k™1, AN > 2 and 21, -+ ,ox € Bz, kM) s.t.
v1=x,xxy =y and C"(z;, 2;) >0 fori=1,--- ,N — 1.
(A3) dp: R, — R, s.t. Vk € N,
CH(x,y) < /c_<d+2>gp(]x —y|), xy€eS; and /Ooo(l AE) T o(t)dt < oo,

Especially, (A3) implies

M := sup sup (]{72 Z (1A \y[2>01‘(7, T + y)) < 00. (2.1)

kTS yES}



Let pf =k~ Vo € 8. pf(A) = D yeA py, VA C 8. Define
kQ_d

T,y€Sy,

Yt(k): corresponding continuous time Markov chain on S;,

A*: infinitesimal generator of Yt(k): A¥ f(z) = D yes, (f(y) — f@)CF (a2, y) K

Proposition 2.1 VA > 0 and 0 < VB < 1, 3ty =ty(A, B) € (0,1) s.t.

P ( sup \YtU{) — Y()(k)\ > TA) <B, VkeNre(,1],xeS;.

S§7‘2t0

Zk) = {Zt(k) = (Vo +1, Yt(k)),t > 0}: space-time process of Y (¥,

(2.2)



Theorem 2.2 VR, € (0,1], e =c(Ry) >0, k> 0 s.t. 0 < VR < Ry, Yk > 1, and
Vq: bdd caloric in QF(0,xg,2R) = (0,4R?) x By(xg,2R),

[t — 8|2+ |2 —
R

‘q(57x> o q(t,y)] < CHQHOQR ( m) V(S,CL’), (tvy) S Qk(oax()?R)a

where ||q||o,r = SUD(¢.4)€[0, v(4R)2]x Sy, q(t, y)|.

In particular, for p*(t,x,y): transition density function of Y ¥,
. K
(s a1 00) = DM aa, )| < oy (= 82+ o — ol 4y — ol )
for k™1 < Vty < 1, Vt, s € [to, 1] and V(z;,y;) € Sk X Sy with i =1,2.

Cf. Z.-Q. Chen - K ("10 Rev. Mat. Iberoamericana)

By these results, we know that a subseq. of {Y;(k)}ogtgto converges weakly.



2.2 Weak convergence of Markov chains
Fix {e1} such that 1 > g \ 0, and define

Ce(x,y) = CMx, ) jemyi<ey,  Cla,y) = C¥(z,y) — Cé(x,y).

Now define ‘cont. part’ and ‘jump part’ of the D-form (%, F*); for f € L*(Sy, u"),

2—d
£5F.9) = 3 (@)~ FW) (9le) — ) CH(ary). where s = Cor ]

T,yE€S),

Clearly £¥(f, g) = E5(f, 9) +E5(f, 9).

Set ij(w, z) in such a way that

E(u,v) dez Z V’l/ku V{/kv( )ij(w,z), (2.3)

i,j=1w,2€S8},

where Vju(z) = (u(z + he;) — u(x))/h, and define F}'(z) = D wes, Gyi(w, z).



We now give an assumption needed to obtain weak convergence of the processes.

(A4) e, } satisfying 1/k < e, <1 and e, \, 0, sym. matriz a(z) = (a;;(x)) on RY,

and sym. funct. j(z,y) on R x RA\D s.t. sup; ;. ||F}j||~ < oo, VB: compact,

/ ’E];(x) — a;i(z)| dx — 0, Vi,j=1,2,...,d,
B
d
and ANUEP <) Ga(x) S MEP, wg €RY
ij=1

for some A > 0. Further, for each N > 1, the measures

K20 @, y) Ly (e — yl)de dy ™= j(a, y) L y(le — yl)dedy.  (24)

— Here we extend the domain of C*(-, ) from Sy x S;, to R? x R? in a natural way.



Since a is uniformly elliptic, it we define

E(1.9) = [ VI aw)Votade+5 ([ (70) = 10) (ox) — o(0)str. )y

then (£, C}(R?)) is a closable Markov. form on L?(R%, dz). Denote the closure by (€, F).

Theorem 2.3 Suppose (Al1)-(A4) hold.

Then Yz, Vto, PUk-laws of {Y;<k>}()§t§t0 converge weakly on D([0,t], RY).

Let P* be the weak lim. and Z; be the corresponding process on D([0,t,),R?), then
(&, WE2(RY) is the D-form corresponding to {Z;,P*}.



How to define G};(w, z)? — Here is one way.

Let L,, be the union of the line seg. from = to (yi,x9,--- ,x4), the line seg. from
(yla L2y ,ZEd) to <y17 Y2, T3 7ajd>7 T and the line SCE. from (y17 5y Yd-1, flfd) to Y,
and write L,, = (p1,p2, -+ ,,pn). Now define

(

1, if3Ist. w=pyand z = pgq,
P (w, z) = 4

0, otherwise.
\

Fore,7=1,2,...,dand w, z € S, set

Gh(w,z) = Y (PW(Z ve/k 2) — Pz 2t e, /k))

LRVISIYS

x (wa +e;/k,w) — P (w,w+ e, /k)) Ch(z,y).

Then this G};(w, z) satisfies (2.3).



3 Pure jumps (Chen-Kim-K ’10)

1

£(u,v) = 3 / s ooy )~ ) 012) =) )y

((Heat kernel approaches to pure jump process))
e Husseini-Kassmann (07 PA): Answer (Q1), (Q2) when j(z,y) < |z — y|~¢.
e Bass-Kassmann-K (10 Ann. THP):

Answer (Q1), (Q2) for a class of jump proc. including

‘x_y‘d+?;(x)As(y)) < jlz,y) < ‘x_y‘d+2(a:)vS(y))a where |s(z) — s(y)| < 1Og(2/c\x_y\)a lz—y| <L

We cannot go very far!

e Barlow-Bass-Chen-Kassmann (’09 TAMS): Even in the case

C1
| — y[*r

gj(x,y)glx_zdmz for |z —y| <1, 0<ag <ag <2,

d an example where there is a bounded harmonic function that is not continuous.



3.1 Model and tightness
Let Vi = k2% my(z) = k=% for all x € V}, and B; = B(0, j).
{CW)(x,y), x,y € V;.}: family of conductance
(ie. C¥(z,y) = CW(y,2) > 0. Assume C¥)(z,x) = 0.)
(EW). F*®)): Dirichlet form on L*(Vj., my) defined by
EW(u,0) =2 3 (ula) — uly))(v(x) — v(y)CP(a, yhmplaymily) Vu,v € FO,

r*yew

where F®) .= fu € L2(Vi:my); £ (u,u) < oo}

(B1). Jky > 1s.t. Vj > 1,

sup sup > CH(a,y)(Jo — g2 A1) mily) < oo,
kaO QZEEJ'PIV;C yGVk

sup  sup Z C™(x, y)mi(y) < oo.
K2k 2€B5 5NVi oy



Under (B1), (€W, F®) is regular.
Let {{Xf(m >0, {IP)_E.]“')},,-@,.;‘_} be the corresponding symmetric MC.

Vo € CHRY), define

PO ) = S PO )p(a)me(e) and Py(-) = / P, (- Jp(x)m(dz).

1
CIJEVk Re

Let ¢™): the lifetime of the process X *).

Proposition 3.1 Assume (B1) holds. Then, Vo € C.H(RY), the laws of {Xt(k)}te[oﬂ
on {C%) > TY with initial distri. o(x)m(dx) is tight in D([0, 00), RY).

Rem: We don’t have tightness when the initial distribution is concentrated on a point.



3.2 Main theorem: weak convergence and discrete approximation

Define 7y, : L>(R%, m) — L*(Vi,my) and Ej, : L*(Vy,, my,) — L3R, m) as follows:
1
mk(x) Up.(x

Let Pf(z) == E,[f(X,)] and P"g(x) :== E[g(X™)],

mf(z) = )f(y)m(dy), Erg(z) = g(x) for z € Up(z), x € V}.

Theorem 3.2 Assume that (B2)-(B4) hold.

Then Ek;Pt<k)7Tk converges to Py strongly (and uniformly for t < T) in L*(M,m).

Theorem 3.3 Assume (B1)—(B4) and that X is conservative. Then, for all
o € Lip/(RY), {(X "), Pg{)); k> 1} converges weakly to (X, P,).

Remark: i) All the above results hold in a class of MMS with VD.

ii) We have another version of the results that does not require (B3)(ii).



(B2). j: RYx R? — R, is sym. m’ble s.t.

Sup/ (lz —y| A D?j(x,y)m(dy) < oo, VK : compact. (3.1)
reK JRd

(€, F): Dirichlet form on L*(R?, m) defined by

1

E(u,v) = - / (ulz) — u(y))(v(z) — v@))j(e, yym(de)m(dy)  Vu,v € F,
2 RIXRI\ A

where F := {u € L*(R%,m) : £(u,u) < co}. Under (3.1), Lip(R?%) C F.

(B3). (i) Lip.(R?) is dense in (F,E(-,-) + -] 3).
(ii) £;sf is continuous for all f € Lip.(RY) where £;4 is given below.
Under (B2) and (B3)(i), (£, F) is regular.

Let {{X;},~0,{P,}.c1/} be the corresponding symmetric Hunt process.



We extend {C¥)(x, 1) : z,y € Vi} to {C¥)(z,y) : 2,y € R?} in a natural way. Set

Liulz) = /B(U(?D — u(@))C™ (@, y)aymsym(dy) Vo € By,

J

Cigule) = [ (uly) = ule)1emyponi(a pimidy vz € B,

J

(B4). (i) For any compact subset K C R,

lim lim sup // z — y2C¥) (z, y)m(dz)m(dy) = 0,
{(zy)e KxK:|z—y|<n}

n—~0 k—00

J—=X e K

lim lim Sup/ / C™(z, y)m(dz)m(dy) = lim sup j(x, Bf) = 0.
J7X koo K ¢
J

(i) imngoe 1255 £33 = 1£56f 135, VI € Lip(R%), ¥6 > 0 and Vj € N.

(i) CM) (2, y)m(da)m(dy) “ j(x,yym(dz)m(dy) on B; x B;\ {lz —y| > 6}.

(3.2)

(3.3)



Discrete approximation

Theorem 3.4 Let j(z,y) : R x R — R, be s.t.

@, y) lgaey>1y < My <00 Va,y € R? jlim sup Jj(z, BJC) — 0 VK cc R
X ek

Assume that the Dirichlet form (€, F) determined by j(x,y) satisfies (B2)—(B3) (1)

and 1s conservative. Define

| 1
CO) (2 4) = Ly ion / / i€ Ym(dEYm(dn). Y.y € V.
(2, y) =1y iz o ) Jon Lik(}/)J(&f})Wl( §ymldn), Y,y €V,

Then, the corresponding (EW), F*)) is a regqular Dirichlet form on L*(Vi, my,).

Let X%) be its associated MC. Then, for all ¢ € Lip! (R?),
{(X@k), ng)); k> 1} converges weakly to (X, P,).



3.3 Application to Random Walk on Random Conductance

{&aytoyezippy’ t0.d. on (0, F,P) st 0< &y, M = E[&,,] € (0,00), Var [§,] < oco.

Define random conductance C(-,-) as

&
Clx,y) = \x—yy|d+04’ d>2 z,yeZ' 0<a< 2.

XU+ corresponding cont. time Markov chain on Z°.

(Le. XYW stays at x for an exponential length of time with parameter e O, 2)
and then jumps toy w.p. C(z,y)/ )., C(x,z2).)

= Xt(k> = k‘le(:?t converges to Z$;, in the f.d.d. sense P-a.s. (quenched),
where Z* is the (rotationally invariant) a-stable proc.
o Further, if &, < Cy, {(X"), Pg)); k> 1} converges weakly to (Z5; ., P,) P-a.s.,
where Py(+) = [paPu(-)o(@)m(dz) for ¢ € CHRY).



& CM(z,y) = kT C(kx, ky) = Sy for xy € V.

|ZE _ |d+a

Then, by LLN,

gl &-2 d C]’LQd
(hk)
dx dy) ~ S a.s..
/ / m{da)m{dy) ~ e

Takmg] T, 1) M|:I: y| =, (B2)-(B4) hold P-a.s., so obtain f.d.d. convergence.

Further, if £, < C1, then (B1)—~(B4) hold P-a.s., so obtain weak convergence.



3.4 Ideas of proof

Sketch of the proof of Proposition 3.1.

By the Lyons-Zheng decomposition, 3 a martingale M*/ s.t. on {C(k) > T4,

k k 1 1
FOG) = FX) = oM = (M = ML Yor, tef0] (34)

where r1(w)(s) = w((1 — s)_ v 0). Note that Vf € Lip.(R%) and s < t,

(MFTy, — (MR, = / ST D) = f)2CDXD, () du

={( M*1) )11 is C-tight in Dgal0, 1] (with the Skorokhod top.)

= Since my, — m, laws of { M"Y~y is tight in Dypa|0, 1] with the initial distri. Pg{).



Theorem 3.2 is equivalent to the following:
Theorem 3.5 (W), F*)) is Mosco convergent to (€, F) in the generalized sense:
(1) If v, € LA(V},), u € L3(RY) and Epvy, — u weakly in L*(RY), then

lim inf E¥) (vg., vi) > E(u, ).

k— 00

(II) For every u € L*(RY), there emists up € L*(Vi) such that ||upllre — [Julls,
(Eyug, f) — (u, f) for every f € L*(RY) and

lim sup EX (uy, ug) < E(u, ).

k—o00

We use (B2)—(B4) to prove this.



